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We discuss the possibility of defining a dynamical model describing the RG-flow for a Quantum Field
Theory. Construction of the dilatation operator is discussed in details for one-vertex one-loop level.
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1 Introduction
AdS/CFT correspondence [1] conjectures an equivalence between the string/gravity theory on AdS5 × S5
and the conformal gauge theory of N = 4 super Yang–Mills (SYM) in the four-dimensional Minkowski
space, which appears as the boundary to the five-dimensional anti de Sitter (AdS5) space.
With the correspondence reversed, the AdS string/gravity can be regarded as built up over the four-
dimensional gauge theory, where the scale dependence of gauge invariant composite operators is translated
into the dynamics of the dual theory [2, 3]. From this point of view one should recover the AdS5 × S5
space as the geometry of the target space of a dynamical model whose Hamiltonian is represented by the
dilatation operator. This geometrical description is similar to one in terms of so called Connes’ triples,
which is used in non-commutative geometry, see e.g. [4]. According to this approach, one can describe,
say, a Riemann space in terms of a triple consisting of algebra of observables, Hamiltonian and a Hilbert
space. (For a brief review of this description and examples the reader is referred to [5,6].) The Hamiltonian
in this approach is given by the dilatation operator, while the algebra of observables is given by the algebra
of automorphisms of the algebra of composite operators1.
Thus the Hilbert space is an important element of the description of the dynamical model. According to
prescriptions of AdS/CFT correspondence, quantum states of the dual theory are represented by local gauge
invariant composite operators in the gauge theory. For the linear space of such operators to be a Hilbert
space one should endow it with a corresponding Hermitian metric. The main condition to be satisfied by
the metric is to render the dilatation operator self-adjoint. This is required in order to have unitarity of
the quantum dynamics. This condition does not fix the metric uniquely, however, it is still a non-trivial
requirement. Thus the planar metric proposed in [7, 8] does not fulfill this condition for a finite N , but
most likely it can be corrected to do so by inserting a twist operator proposed in [9] (see also [10, 11]).
As an approach in [2, 3] it was proposed to interpret the letter insertion and removal operators in the
SU(2) sector of N = 4 SYM as oscillator ladder operators. This interpretation leads unambiguously to
a matrix quantum mechanics with well-defined Hermitian product and a self-adjoint Hamiltonian. The
∗ E-mail: sochichi@lnf.infn.it, Phone: +82 2 705 7870, Fax: +82 2 704 9031
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1 With respect to addition and multiplication.
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2 C. Sochichiu: Dilatation Operator& Geometry
Hermitian product introduced in this sector this way was equivalent to the vacuum expectation value of the
product of composite operators stripped of the coordinate dependence.
Following this observation, it is tempting to generally define the Hermitian product for the dual theory
basing on the vacuum expectation value of the product of composite operators. The main problem related
to this approach is the ambiguity in the choice of “canonical” letters, the orthonormal letter basis. The
choice, however, may be helped by the presence of additional symmetries. Thus, in the N = 4 SYM as a
conformal theory with rich symmetries one has the possibility to introduce a geometrically motivated Her-
mitian product based on vacuum expectation value of products of composite operators, basing on special
properties of conformal theories.2 In particular, the conformal invariance requires the pair correlators of
two primary operators with different conformal weights to vanish while for those having equal one to take
the form,
〈O1(x)O2(0)〉 =
C12
x2∆
, (1)
where ∆ is the conformal weight of the operators while C12 is a constant. This gives the possibility to
define the Hermitian product of the bra-state 〈O| corresponding to a composite operator O†(x) and a
ket-state |O′〉 corresponding to O′(x) in the form satisfying,
〈O†(x)O′(0)〉 = 〈O|
(
µ2x2
)−D
|O′〉 , (2)
where D is the dilatation operator and µ is a mass-scale parameter. In particular, the product of states
corresponding to operators O1,2(x) from (1) is given by C12. Formally,
〈O |O′〉 = 〈O†(x)O′(0)〉|µ2x2=1, 〈O|D |O
′〉 = −
1
2
µ
∂
∂µ
〈O†(x)O′(0)〉|µ2x2=1. (3)
In a generic quantum field theory the correlator of two local composite operators will contain a restricted
number of singular terms together with generically an infinite series of positive powers of x which is
the analytic part. Also in this case one may expand the correlation function in homogeneous parts in x.
Assuming that the degree of homogeneity still corresponds to the quantum dimension of the we may hope
to extend the definition (3) to at least an arbitrary renormalizable theory. The checking of consistency of
such definition goes beyond the scope of present note and is left for future research. Here we only assume
that such a Hermitian form exists and is well-defined.
In what follows we discuss the construction of a dynamical system based on the dilatation operator for
a renormalizable field theory. The discussion is based on results reported in [12] (for a earlier discussion
see also [13]).
2 The Perturbative Analysis Setup
We start with the same setup as in [13]. According to it the local (gauge invariant) composite operators
are built out of the set of (covariant) letters ΦA as products (of traces of products) of letters. A subset of
this consists of fundamental letters which we denote φa. They correspond to the values of the fundamental
fields at the origin φa = φa(0). The remaining letters we call derivative letters. They are given by the
values of field derivatives at the same point. In this note we are not concerned with the issue of gauge
invariance, so we will use simple derivative letters instead of covariant derivative ones,
ΦA = φ
(n)
a ≡ ∂(µ1 . . . ∂µn)φa(0), (4)
where boldface n = {µ1, . . . , µn} carries the multi-index of n space-time indices. The parentheses denote
that it is only the traceless part which is taken into account. The trace part of each letter can be removed
2 For example using the fact that in conformal theories there is a direct one-to-one correspondence between local operators and
quantum states.
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through the equations of motion and thus would result in a redundancy of the description. One can identify
the traceless multi-index label (n) with an irreducible symmetric representation of the space-time Lorenz
group.
For a theory with only massless fields of dimension one the fundamental letter Green’s function is given
by,
Dab(x− y) = φa(x)φb(y) =
1
4pi2
δab
(x− y)2
. (5)
For derivative letters we have,
D
(n)(m)
ab (x− y) = φ
(n)
a (x)φ
(m)
b (y) =
(−1)m
4pi2
∂(n)+(m)x
δab
(x− y)2
. (6)
Generically, the product of representations (n) + (m) contains trace parts. In this case the r.h.s. of (6)
can be presented in terms of derivatives of delta-function using the identity,
x
1
(x− y)2
= −4pi2δ(x− y), (7)
which is well defined as a distribution unless it is multiplied to a similar object. In contrast the product of
such functions and also of (5) is ill-defined and one needs an additional renormalization procedure. Here
we assume the differential renormalization scheme [14].
According to the differential renormalization scheme the singular expressions like 1/(x− y)2k, k ≥ 2
can be cast in less singular form using the following identity,
[
1
x2k
]
reg
= −
1
4k−1(k − 1)!(k − 2)!

k−1 lnµ
2x2
x2
, (8)
where µ is a scale parameter which appears as an integration constant. It is not difficult to check by direct
computation that applying all the Laplace operators to lnµ2x2/x2 will formally result in 1/x2k. On the
other hand the above procedure introduces a scale dependence of the regularized expression in the r.h.s. of
(8),
µ
∂
∂µ
[
1
x2k
]
reg
≡ −2
[
1
x2k
]
=
8pi2
4k−1(k − 1)!(k − 2)!

k−2δ(x). (9)
These factors, which appear in the computation of anomalous dimensions, are purely “geometric” not
depending on the field theory model.
In the case of overlapping divergence the extraction of the scale factor is more evolved. For further
details we refer the reader to [13].
3 The Evaluation of the Dilatation Operator
According to the definition (3), in order to evaluate the Dilatation Operator, we should consider the cor-
relation function of two probe composite operators separated by x, which in perturbation theory can be
expressed through the free correlation function,
〈O′(x)O(0)〉 = 〈O′(x)e−
R
:V (φ):O(0)〉0, (10)
where 〈. . . 〉0 is the free theory correlator and V (φ) is the interaction potential.3
3 We work in Euclidean signature.
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The Wick expansion of the r.h.s. of (10) becomes the source of singular terms which should be treated
according to the differential renormalization prescription described in the previous section. Using the Wick
expansion, one can express the the correlator (10) as a free correlator of O′(x) with a composite operator
which is the result of action on O(0) of a linear operator4,
̂e−
R
:V : ∗ O = O −
∫
x
: Vx : ∗O +
1
2!
∫
x
: Vx : ∗
∫
y
: Vy : ∗O + . . . , (11)
where the (non-associative) star product is defined as,
Ox(Φ) ∗ O
′
y(Φ) = e
ΦˇAxDAB(x−y)ΦˇBy : Ox(Φ)O
′
y(Φ) :, (12)
for two factors,
Ox ∗ O
′
y ∗ O
′′
z = exp{ΦˇAxDAB(x− y)ΦˇBy + ΦˇAxDAC(x− z)ΦˇCz
+ ΦˇByDBC(y − z)ΦˇCz} : OxO
′
yO
′′
z :, (13)
for the three factors and so on. The checked letters in (12) and (13) are derivatives with respect to corre-
sponding (non-checked) letters at given point,
ΦˇAx ≡
∂
∂ΦAx
. (14)
Both (12) and (13) can be obtained from the functional form of Wick expansion (see [15]),
O =: e
± 1
2
R
dy1dy2
δ
δφa
Dab(y1−y2)
δ
δφbO :, (15)
where ± stands for either bosons or fermions.
As the singularities and respectively the scale dependence are given by the D factors which appear in
the linear operator defined in eq. (11), the scale factor dependence of the correlator (10) is given by the
logarithmic derivative with respect to µ of the linear operator defined by (11),
D = −
1
2
µ
∂
∂µ
[
̂e−
R
:V :
]
reg
≡
[
̂e−
R
:V :
]
, (16)
where the square braces with subscript [. . . ]reg denotes the regularized according to differential renormal-
ization prescription and the square braces with no subscript denotes the scale dependence of the regularized
expression as given by (9).
Using the perturbative expansion (11), the dilatation operator itself can be cast into the form,
D =
∫
dy[V (y)∗] +
1
2!
∫
dy1
∫
dy2[V (y1) ∗ V (y2)∗] + . . . (17)
The first term of the expansion (17) corresponds to one-vertex contribution, the second one to two vertex
one etc.
Let us consider in more details the first two terms. The one vertex contribution can be further expanded
as, ∫
dy [V (y)∗] =
∫
dy
[
eΦˇy·Dy·Φˇ
]
Vy
=
∫
dy
(
1
2
(Φˇ⊗ Φˇ)y · [Dy ⊗Dy] · (Φˇ⊗ Φˇ)
+
1
3!
(Φˇ⊗3) · [D⊗3y ] · (Φˇ
⊗3) +
1
4!
(Φˇ⊗4) · [D⊗4y ] · (Φˇ
⊗4) + . . .
)
Vy , (18)
4 Note that this is an operator acting on the linear space of composite operators.
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where to further shorten the notations we introduced the following notational conventions,
Φˇy ·Dy−x · Φˇx = ΦˇA(y)DAB(y − x)ΦˇB(x), (19)
(Φˇ⊗ Φˇ) ·D ⊗D · (Φˇ⊗ Φˇ) = ΦˇA1ΦˇA2DA1B1DA2B2ΦˇB1ΦˇB2 , (20)
Φ⊗n = Φ⊗ Φ · · · ⊗ Φ︸ ︷︷ ︸
n−times
. (21)
The second line in the equation (18) corresponds to one-vertex one-loop contribution, the terms in the
third line correspond, respectively, to one-vertex two- and three-loop contributions. In the absence of
derivative letters these terms would give complete description of one-vertex contribution for a renormaliz-
able theory. In the presence of derivative letters further terms are possible.
The one-loop part can be evaluated as follows,
1
2
∫
dy(Φˇ⊗ Φˇ)y · [Dy ⊗Dy] · (Φˇ⊗ Φˇ)Vy =
1
2(4pi2)2
∫
dy
∑
{(m),(n)}
(−1)n+m
(
(φˇy · φˇ
(n))(φˇy · φˇ
(m))
[
∂(n)
1
y2
∂(m)
1
y2
]
+
2(φˇ1y · φˇ
(n))(φˇy · φˇ
(m))
[
∂(n)+1
1
y2
∂(m)
1
y2
])
Vy ≡
1
2(4pi2)2
{
∆(n),(m)(φˇaφˇb(V )) + 2∆(n)+1,(m)(φˇ
1
aφˇb(V ))
}
φˇ(n)a φˇ
(m)
b , (22)
where we introduced the scaling factors,
∆s,s′(V) = (−1)
s+s′
∫
x
Vx
[
∂s
1
x2
∂s
′ 1
x2
]
, (23)
for some probe function Vx ≡ V(x). These factors are purely geometrical, they do not depend on the
model under consideration, but only on the four-dimensional space-time data. They can be evaluated to
take the following form [13],
∆(n),(m)(V) =∑
r|n
r
′|m
pi2n!m!
2m+n−2r−1(m+ n− 2r + 1)!(m+ n− 2r)!
gr,r
′
γnm(n+m−2r)
×
∫
x
Vxx
(n+m−2r)

m+n−2rδ(x)
=
∑
r|n
r
′|m
2pi2n!m!
(m+ n− 2r + 1)!
gr,r
′
γnm(n+m−2r)∂
(n+m−2r)V . (24)
Here we use the following notations. The sum with subscript r|n runs through all parts r of the index set
n, r ⊂ n and the coefficients gr,r′ and γnm(n+m−2r) are those appearing in the expansion of the product of
two traceless representations of SO(4) into traceless part and traces,
x(n)x(m) =
∑
r|n
r
′|m
gr,r
′
γnm(m+n−2r)x
2rx(m+n−2r). (25)
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Let us apply the one-vertex one-loop result (22) to the scalar sector of N = 4 super Yang–Mills model.
It is not very difficult to see that at this level the contribution to the dilatation operator comes exclusively
from the scalar self-interaction which is described by the potential,
V =
g2YM
4
tr[φa, φb]
2. (26)
Applying to this potential the result of (22) and using the expression (24) for the scale factors, we get,
D
SO(6)
1−loop =
1
16pi2
tr
(
: [φa, φb][φˇa, φˇb] : + : [φa, φˇb][φˇa, φb] : + : [φa, φˇb][φa, φˇb] :
)
=
1
8pi2
tr
(
: [φa, φb][φˇa, φˇb] +
1
2 : [φa, φˇb][φa, φˇb] :
)
, (27)
where the colon “:” denotes the ordering in which no checked letter acts on the letters of the same group
within the colons. The equation (27) is in agreement with known results [16].
4 Discussion
In this note we reviewed the construction of dynamical system based on RG-flows of a renormalizable
Quantum Field Theory model basing on the results of [13] with the emphasis to the definition of the
dynamical system. In particular, a Hermitian form rendering the dilatation operator Hermitian is proposed
in terms of correlation functions of the original theory. The definition given here is somehow formal since
it depends on subtraction point. However, it permits the construction in the framework of perturbation
theory.
The perturbative Hermitian product we implicitly use in the construction is the one provided by the
free theory. At the given level of analysis it seems to work, but in general it may require an interaction-
dependent dressing in order to keep the self-adjointness of the dilatation operator. This problem is left for
future study.
Another problem which was not considered here but which may appear important is the effect of fixing
the physical renormalized quantities on the flow of composed operators. Again at the considered level,
fixing the physical values for renormalized quantities (such as couplings or masses) plays no role. At the
higher levels, however, one can not neglect this.
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